Abstract. We argue that the linear sigma model at small external momenta is an effective theory for the leading logarithms of chiral perturbation theory. Based on this assumption an attempt is made to sum these leading logarithms using the standard renormalization group techniques, which are valid in renormalizable quantum field theories.
Introduction
The theory of the strong interaction, Quantum Chromo Dynamics, does not allow the application of the powerful perturbation techniques in the low-energy region. It is however possible to use the symmetries of QCD to construct an effective theory in the low-energy region, chiral perturbation theory (ChPT) [1] [2] [3] , which allows a systematic perturbative expansion of Green functions in powers of external momenta and quark masses. In actual calculations in ChPT one expects the dominant contribution to stem from the leading effective Lagrangian, which generates the leading chiral logarithm. Even if the latter do not always dominate, it would be very interesting to know the leading chiral logarithms to every order in the perturbative expansion, and to sum them up. In a recent publication [4] , we presented a procedure which allows the calculation of leading logarithms of certain Green functions in the chiral limit rather easily. In the present article, we address the question whether it is possible to sum up these leading logarithms to all orders. In a given renormalizable quantum field theory, resummation of logarithms is based on the renormalization group equations (RGE). However, chiral perturbation theory is not renormalizable, and the structure of the RGE is therefore more involved [5] . In order to avoid the problems introduced by the nonrenormalizable nature of chiral perturbation theory, we consider a theory which is renormalizable and reproduces the leading logarithms of chiral perturbation theory. It is then natural to expect that the summation of logarithms in this renormalizable theory can be performed by use of the RGE. It is known since long that the tree-level graphs of the linear sigma model reproduce, at small momenta, the results of current algebra. In the modern language, this means that they agree with the tree-level graphs of ChPT. It a bissegg@itp.unibe.ch b afuhrer@itp.unibe.ch was shown in Ref. [2] , that this persists at one-loop order: provided that the low-energy couplings in the chiral Lagrangian are properly adapted, Green functions, evaluated in the linear sigma model at one-loop order, agree with the result of ChPT at order p 4 , see also [6] . This shows that the linear sigma model is a promising candidate for a renormalizable theory which generates the leading logarithms in ChPT. To carry the comparison between ChPT and the linear sigma model to higher orders in the momentum expansion, we consider the correlator of two scalar quark currents,
in the chiral limit m u = m d = 0. Its leading chiral logarithms have been worked out in ChPT to five-loop accuracy in [4] . This article is devoted to an analysis of this correlator in the framework of the linear sigma model, addressing the questions just raised: Does the linear sigma model reproduce these logarithms, and if yes, can they be summed?
The structure of the article is as follows: In section 2, we recall the structure of the leading logarithms of H(s) in chiral perturbation theory in the chiral limit. In section 3, we calculate the leading logarithms of the scalar two-point function -which corresponds to the quantity H(s) -in the linear sigma model, and show in section 4 that this theory reproduces the leading logarithms of chiral perturbation theory up to and including two loops in this case. For this reason, we believe that the linear sigma model indeed is a renormalizable effective theory to calculate the leading logarithms in ChPT. In section 5, we consider the summation of leading logarithmic singularities in both, the symmetric as well as in the spontaneously broken phase of the linear sigma model. In the following section 6, we apply this technique to the scalar two-point function in the spontaneously broken phase. We are able to sum up a certain class of logarithmic terms, and ex-plain why an explicit summation of all leading logarithms is not possible with this technique. Finally, section 7 contains a summary and concluding remarks. The appendices contain several technical aspects of our investigation: In appendix A, we present expressions for triangle graphs, whereas the two-loop diagrams needed in the calculation of the two-point function are displayed and discussed in appendix B. A dispersive calculation used as a check on certain two-loop diagrams is presented in appendix C, and scale dependent logarithms are summed up in appendix D.
Leading logarithms in ChPT
In the chiral limit, the low-energy expansion of the scalar correlator can be written as
where P i are polynomials in N = s/(16π 2 F 2 ). The quantities B, F are the two low energy constants (LECs) at leading order in the chiral expansion [2] , and the running scale of ChPT is denoted byμ. The leading termsP i of the polynomials P i -which are the coefficients of the leading logarithms -are known up to five loops [4] , P 0 = 0,P 1 = −6,P 2 = 6N,
The full polynomials P i differ fromP i by terms of order s i and higher.
Chiral logarithms in the linear sigma model
We first introduce our notation of the linear sigma model and work out the quantity in the linear sigma model which corresponds to the scalar correlator H(s). Then we calculate the two-loop leading logarithm of this quantity in the linear sigma model.
Notation
The Lagrangian of the O(4) linear sigma model coupled to external scalar sources reads
If m 2 > 0, the O(4) symmetry is spontaneously broken down to O(3), leading to three Goldstone bosons. In order to expand around the ground state ϕ G = (v, 0) of the spontaneously broken theory, one rewrites the Lagrangian with the shifted fields ϕ = (φ + v, π) and the massless Goldstone bosons π a and the massive field φ become visible in the Lagrangian,
To every order of the calculation, one has to determine v such that the vacuum expectation value vanishes, 0|φ(x)|0 = 0.
To one-loop, the parameters have to be renormalised in the following way:
For the vacuum expectation value v, one obtains
3.2 Correspondence of the linear sigma model to chiral perturbation theory
As shown in [2] , the generating functionals of the linear sigma model (equipped with additional external fields) in the heavy mass limit and chiral perturbation agree at first nonleading order, provided the low-energy constants of chiral perturbation theory are pertinent functions of the parameters of the linear sigma model. We stick to our example, the scalar two-point function, and identify the corresponding quantity in the linear sigma model. The external field χ a -which couples to the quark condensate -finds its counterpart in the external scalar source j a 1 . Therefore, the counterpart of H(s) is the renormalized scalar two-point function
for small external momenta s.
Leading logarithm to two loops
We calculate the leading logarithms to one and two loops in the quantity G (2,0) R (s). In the following, we only quote the result and relegate the description of the calculation and the individual loop contributions to appendix B. It is evident that G (2,0) R (s) for small external momenta has the structure
We now decompose the coefficients c (i) and indicate all logarithms which are possible at the corresponding order in g r :
The coefficients a In general, the coefficient c (k) can be written as a double sum
The coefficients a
l,m are given by
As an independent check of our loop calculation, we worked out the discontinuity of G
and compare with the discontinuity obtained from the optical theorem. The two expressions agree at the order considered. We refer to appendix C for further details.
Linear sigma model versus ChPT
The translation rules provided in [2] are
Note that the coupling constant g r differs from the one introduced in [2] by a term of order g 2 r . The higher-order corrections to the above relations do not affect the coefficients of the leading logarithms a 
It is seen that they agree at the order considered. We have checked that the coefficients a
and a
agree as well. Therefore the one-and two-loop leading logarithms of the linear sigma model are the same as the one-and two-loop leading logarithms in chiral perturbation theory in this correlator. We take this result as strong evidence that the leading logarithms of both theories agree to all orders in perturbation theory. Further support for this conjecture is the fact that, as shown in Ref. [4] , the leading logarithms in the scalar two point function in ChPT are determined by the tree-level amplitude. Stated differently, we believe that the linear sigma model acts as a renomalizable effective field theory for the leading logarithms in ChPT.
In the remaining part of this article, we assume that our conjecture is correct, and work out its consequences: summing leading logarithms in the linear sigma model amounts to summing leading logarithms of the pertinent quantities in ChPT.
Renormalization group analysis in the linear sigma model
In this section, we illustrate the summation of leading logarithms with renormalization group techniques in the symmetric as well as in the spontaneously broken phase and investigate the low-energy structure of the correlator G (2,0) R (s).
Symmetric phase
Here we consider mass logarithms in the perturbative expansion of the physical mass (i.e., the position of the pole in the two-point function) in the symmetric phase of the linear sigma model. In particular, we recall how the leading, next-to-leading, etc. logarithms can be explicitly summed up. First we recall the renormalization group equation (RGE) in the unbroken phase of the linear sigma model for renormalized, Fourier transformed Green functions in four space-
where
,
In the perturbative expansion, the physical mass has the structure
The leading logarithms are fully determined by the oneloop expressions β (2) and γ
m . The proof of this statement (following the lines of [7] ) starts from the observation that the physical mass obeys the homogeneous RGE Collecting the coefficients proportional to g 
It is seen that the one-loop expressions for the β-and γ m -functions suffice to determine the coefficients k
N . In order to sum the logarithms, we introduce the quantities
The f i correspond to the sum of terms along the tilted lines in Fig. 1 ; in particular, f 0 (f 1 ) denotes the sum of the leading (next-to-leading) logarithms. From the recursion relation (21) it follows that f 0 satisfies the differential equation
from where one has
The next-to-leading logarithms can be summed up in an analogous fashion. It is easy to convince oneself that one needs a two-loop calculation of the β-and γ m -functions in this case.
Spontaneously broken phase
The derivation of the renormalization group equations for the linear sigma model in the spontaneously broken phase goes through exactly like in the unbroken phase,
Here we have denoted the renormalized Fourier transformed Green function with k(j) sigma (pion) fields by G (k,j)
R . As in the symmetric phase, it is straightforward to sum up the leading logarithms of quantities which depend only on two scales. We illustrate this statement with the vacuum expectation value and the zero of the inverse sigma propagator.
Vacuum expectation value
The vacuum expectation value of the sigma field fulfills the inhomogeneous renormalization group equation
The perturbative series of v has the form
The recursion relation for the coefficients of the leading logarithms reads
Collecting again the leading logarithms in a function h 0 (x) leads to the differential equation
where x = g r L m , with the solution
The zero of the inverse sigma propagator
Next we investigate the zeroM of the inverse sigma propagator. We denote by Re(M ) its real part, and find Note that in the broken phase, the functions p i (x) are the same as in the symmetric phase. Therefore, the coefficients of the mass logarithms in Re(M ) and in the physical mass of the symmetric phase coincide up to a factor of 2.
Summing leading logarithms?
Here, we apply renormalization group techniques to the correlator G Comparing with the previous recursion relations for the physical mass and for the vacuum expectation value, one finds that in these relations only the coefficients of leading logarithms are involved. This fact allows the summation of the leading logarithms. In Eq. (33), however, the coefficients of the leading logarithms are no longer connected directly. This is illustrated in Fig. 2 by the dint of the solid line. First one could expect that there still exist recursion relations which allow a direct connection between the coefficients of the leading logarithms. However, the dashed lines stand for recursion relations without leading logarithm coefficients and demonstrate that this idea is not successful. Therefore the summation of the leading logarithms fails, since the troublesome coefficient a 
Therefore, all terms of the form g It is now obvious that only all explicit scale dependent logarithms L µ can be summed with the help of the RGE. In the case of the vacuum expectation value and the zero of the inverse propagator, the coefficients of the logarithms L m and L µ are the same because there are only two scales involved. In the presence of three scales, this is no longer true and a separation between the leading momentum logarithms L Another access to the recursion relation is the solution of the Callan-Symanzik equation which provides a relation between n-point functions with momentum p i and the scaled momentum p i /ξ. But the recursion relations obtained in this way can be extracted from the ones worked out with the RGE. Therefore the Callan-Symanzik equation does not contain new information.
Linear sigma model with scale independent counterterms
In chiral perturbation theory, the leading logarithms are in principle always accessible with a one-loop calculation [5] . One might hope to transfer this method to the linear sigma model by using a formulation of the linear sigma model with scale independent counterterms, analogously to chiral perturbation theory. This formulation is discussed in [8] . Studying the simplest case, we tried to calculate the one-loop leading momentum logarithm of the scalar two-point function with the help of the tree-level diagram containing the counterterm. One observes that only the sum of the coefficients of the leading momentum and the leading mass logarithm can be obtained in this manner. Therefore the statement is the same as with the recursion relations in the previous subsection.
Summary and conclusion
In this article, we investigate the structure of leading chiral logarithms in the correlator of two scalar quark currents, Eq. (1). In particular, we determine this correlator in the framework of the linear sigma model and compare the result with what is known from ChPT.
As a first step, we show that the leading logarithms agree in the two theories at order p 6 in the low-energy expansion (two-loop order). To the best of our knowledge, this is a new result and strongly suggests that the linear sigma model can be used as a renormalizable effective theory to calculate leading logarithms in SU (2) × SU (2) ChPT. The result also suggests that renormalization group techniques can be used to sum these terms. For this reason, we investigate the RG equation in the linear sigma model and use it to sum up leading mass singularities e.g. in the vacuum expectation value of the sigma field. Applying the same technique to the scalar two-point function G (2,0) R (s) -which is the analogue of the correlator H(s) in Eq. (1) -allows one to work out recursion relations between the coefficients of the leading logarithms. We show that these recursion relations also contain subleading terms, which are not accessible by the renormalization group. As a result of this, given the leading logarithm at order g N r , the recursion relations do not allow one to calculate the leading logarithm at order g N +1 r . A summation of the explicit scale dependent leading logarithms is nonetheless always possible. However, if there are more than two scales involved, a separation between different types of leading logarithms like ln N (−s/µ 2 ) and ln N (2m 2 r /µ 2 ), for example, is not possible. Therefore, an independent summation of the leading momentum logarithms fails, it is only the sum of all coefficients of explicit scale dependent leading logarithms which is accessible. In the special case of only two scales (for example µ and m r ), the coefficients of the explicit scale dependent logarithms trivially agree with the coefficients of the leading mass logarithms.
To conclude, even if the linear sigma model represents an effective renormalizable theory for the leading logarithms of chiral perturbation theory, the summation of these leading logarithms by a straightforward use of the renormalization group seems not to be possible.
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A Triangle integrals
Most of the one-and two-loop integrals which are used in the loop calculations in appendix B and C are provided in Ref. [9] . However, triangle integrals with one, two and three massless particles propagating in the loop are not considered there. This is the reason why we indicate the results of these vertex functions here.
and
B Two loop calculation
In the two-loop calculation, we are only interested in the momentum logarithms. It is therefore sufficient to consider diagrams which develop a branch point at s = 0. The set of one-and two-loop selfenergy diagrams which contribute to the discontinuity at threshold are shown in Fig. 3 . The analytical expressions of the two-loop integrals can be found in [9] and we adopt the conventions used in this reference. We expand these expressions around s = 0 by keeping the momentum logarithms and expanding the remaining part in a Laurent series in s. Evaluating
where M σ is the bare mass of the heavy particle which appears in the spontaneously broken phase, T1  T2  T3  N1  N2  N3 N4 N5 N6 N7 N8 Fig. 3 . Displayed are all the one-loop diagrams and the two-loop diagrams with a branch point at s = 0. The solid line indicates a sigma particle and the dashed line a pion, respectively. 
C Dispersive Calculation
To calculate the discontinuity at two loops, the 1PI truncated diagrams shown in Fig. 4 and the one-loop diagrams indicated in Fig. 3 are required. We only need the analytical expressions of the diagrams for s small compared to the mass of the sigma particle. Performing the phase space 
where the ellipsis denotes all the subleading terms. Choosing ρ 2 = 2m 
Therefore, the function f (x) includes the coefficients of the leading momentum logarithms. However, as we have seen in section 5, the RGE do not allow to sum them separately.
